
CHAPTER 

8 
DC MACHINERY 

FUNDAMENTALS 

DC machines are generators that convert mechanical energy to de e lectric 
energy and motors that convert de e lectric energy to mechanical energy. 

Most de machines are like ac machines in that they have ac voltages and currents 
within the rn---dc machines have a de output only because a mechanism ex ists 
that converts the inte rnal ac voltages to de voltages at the ir tenninals. Since this 
mechanism is called a commutator, de machinery is also known as commutating 
machinery. 

The fundamental principles invo lved in the operati on of de machines are 
very simple. Unfortunately, they are usually somewhat obscured by the compli­
cated construction of real machines. This chapter will first explain the principles 
of de machine operation by using simple examples and then consider some of the 
complications that occ ur in real dc machines. 

S.I A SIMPLE ROTATING LOOP BETWEEN 
CURVED POLE FACES 

The linear machine studied in Section 1.8 served as an introduction to basic ma­
chine behavior. Its response to loading and to changing magnetic fields closely re­
sembles the behavior of the real dc generators and motors that we will study in 
Chapter 9. However, real generators and motors do not move in a straight line­
they rotate. The next step toward understanding real dc machines is to study the 
simplest possible example of a rotating machine. 

The simplest possible rotating dc machine is shown in Figure 8-1. It consists 
of a si ngle loop of wire rotating about a fixed axis. The rotating part of this ma­
chine is called the rotor, and the stationary part is called the stator. TIle magnetic 
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""GURE 8-1 
A simple rotating loop between curved pole faces. (a) Perspective view; (b) view of field lines; 
(e) top view; (d) front view. 
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FIGURE 8-2 
Derivation of an equation for the voltages induced in the loop. 

field for the machine is supplied by the magnetic north and south poles shown on 
the stator in Figure 8- 1. 

Notice that the loop of rotor wire lies in a slot carved in a ferromagnetic 
core. 1lle iron rotor, together with the curved shape of the pole faces, provides a 
constant-width air gap between the rotor and stator. Remember from Chapter I that 
the reluctance of air is much much higher than the rei uctance of the iron in the ma­
chine. To minimize the reluctance of the flux path through the machine, the mag­
netic flux must take the shortest possible path through the air between the pole face 
and the rotor surface. 

Since the magnetic flux must take the shortest path through the air, it is per­
pendicular to the rotor surface everywhere under the pole faces. Also, since the air 
gap is of unifonn width, the reluctance is the same everywhere under the pole 
faces. The uniform reluctance means that the magnetic flux density is constant 
everywhere under the pole faces. 

The Voltage Induced in a Rotating Loop 

If the rotor of this machine is rotated, a voltage will be induced in the wire loop. 
To detennine the magnitude and shape of the voltage, examine Figure 8- 2. 1lle 
loop of wire shown is rectangular, with sides ab and cd perpendicular to the plane 
of the page and with sides be and da paralle l to the plane of the page. The mag­
netic field is constant and perpendicular to the surface of the rotor everywhere un­
der the pole faces and rapid ly falls to zero beyond the edges of the poles. 

To determine the total voltage e,OI on the loop, examine each segment of the 
loop separate ly and sum all the resulting voltages. TIle voltage on each segment is 
given by Equation (1-45): 

eind = (v x B) • I ( 1-45) 
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I. Segment abo In this segment, the velocity of the wire is tangential to the path 
of rotation. The magnetic field 8 points out perpendicular to the rotor surface 
everywhere under the pole face and is. zero beyond the edges of the pole face. 
Under the pole face, ve locity v is perpendicular to 8 , and the quantity v x 8 
points into the page. TIlerefore, the induced voltage on the segment is 

positive into page under the pole face 

beyond the pole edges (8-1 ) 

2. Segment be. In this segment, the quantity v x 8 is either into or out of the 
page, while length 1 is in the plane of the page, so v x 8 is perpendicular to I. 
Therefore the voltage in segment be will be zero: 

ecb = 0 (8- 2) 

3. Segment ed. In this segment, the velocity of the wire is tangential to the path 
of rotation. The magnetic fie ld 8 points in perpendicular to the rotor surface 
everywhere under the pole face and is. zero beyond the edges of the pole face. 
Under the pole face, ve locity v is perpendicular to 8 , and the quantity v x 8 
points out of the page. 1llerefore, the induced voltage on the segment is 

positive out of page under the pole face 

beyond the pole edges (8- 3) 

4. Segment da. Ju st as in segment be, v x 8 is perpendicular to I. Therefore the 
voltage in this segment will be zero too : 

ead = 0 (8-4) 

1lle total induced voltage on the loop ei!>d is given by 

under the pole faces 
beyond the pole edges 

(8- 5) 

When the loop rotates through 180°, segment ab is under the north pole face in­
stead of the south pole face. At that time, the direction of the voltage on the seg­
ment reverses, but its magnitude remains constant. The resulting voltage e,,,, is 
shown as a function of time in Figure 8- 3 . 

1llere is an alternative way to express Equation (8- 5), which clearly relates 
the behavior of the single loop to the behavior of larger, real dc machines. To de­
rive this alternative expression, examine Figure 8-4. Notice that the tangential ve­
locity v of the edges of the loop can be expressed as 

v = rw 
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-

v=rw 

FIGURE 8-4 

w 

, 

Pole surface area 
Ap .. nrl 

• 

Rotor surface area 
A =2nrl 

Derivation of an alternative form of the induced voltage equation. 
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where r is the radius from axis of rotation out to the edge of the loop and w is the 
angular velocity of the loop. Substituting this expression into Equation (8- 5) gives 

_ [2rWBI 
eioo - 0 

e
ioo 

= {2r~BW 

under the pole faces 

beyond the pole edges 

under the pole faces 

beyond the pole edges 

Notice also from Figure 8-4 that the rotor surface is a cylinder, so the area of 
the rotor surface A is just equal to 2nrl. Since there are two poles, the area of the 
rotor under each pole (ignoring the small gaps between poles) is Ap = nrl. 
TIlerefore, 

under the pole faces 

beyond the pole edges 

Since the nux density B is constant everywhere in the air gap under the pole faces, 
the total flux under each pole is just the area of the pole times its flux density: 

Therefore, the final form of the voltage equation is 

e. , ~ {~"'W 
'" 0 

under the pole faces 

beyond the pole edges (8-6) 

TIms, the voltage generated in the machine is equnl to the product of the 
flux inside the mnchine and the speed of rotation of the machine, multiplied by a 
constant representing the mechanical construction of the machine. In general, the 
voltage in any real machine will depend on the same three factors: 

I. The flux in the machine 

2. The speed of rotation 

3. A constant representing the construction of the machine 

Getting DC Voltage out of the Rotating Loop 

Figure 8- 3 is a pl ot of the voltage e"", generated by the rotating loop. As shown, 
the voltage out of the loop is alternately a constant positive value and a constant 
negative value. How can this machine be made to produce a dc voltage instead of 
the ac voltage it now has? 

One way to do this is shown in Figure 8- 5a. Here two semicircular conduct­
ing segments are added to the end of the loop, and two fixed contacts are set up at 
an angle such that at the instant when the voltage in the loop is zero, the contacts 
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FIGURE 8-S 
Producing a dc output from the machine with a commutator and brushes. (a) Perspective view; 
(b) the resulting output voltage. 

short-circuit the two segments. In this fashion, every time the voltage of the loop 
switches direction, the contacts also switch connections, and the output of the con­
tacts is always built up in the same way (Figure 8- 5b). This connection-switching 
process is known as commutation. TIle rotating semicircular segments are called 
commutator segments, and the fi xed contacts are calJed brushes. 
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""GURE 8-6 
Derivation of an equation for the induced torque in the loop. Note that the iron core is not shown in 
part b for clarity. 

The Induced Torque in the Rotating Loop 

Suppose a battery is now connected to the machine in Figure 8- 5. The resulting 
configuration is shown in Figure 8-6 . How much torque will be produced in the 
loop when the switch is closed and a current is allowed to fl ow into it ? To deter­
mine the torque, look at the close-up of the loop shown in Figure 8-6b . 

TIle approach to take in detennining the torque on the loop is to look at one 
segment of the loop at a time and then sum the effects of all the indi vidual seg­
ments . TIle force on a segment of the loop is given by Equation (1-43): 
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F = i(lx8) ( 1-43) 

and the torque on the segment is given by 

T = rFsin () (1-6) 

where () is the angle between rand F. The torque is essentially zero whenever the 
loop is beyond the pole edges . 

While the loop is under the pole faces, the torque is 

I. Segmentab. In segment ab, the current from the battery is directed out of the 
page. TIle magnetic fie ld under the pole face is pointing radially out of the ro­
tor, so the force on the wire is given by 

Fab- i(lx8) 

- ilB tangent to direction of motion 

TIle torque on the rotor caused by this force is 

"Tab - rF sin () 

- r(iIB) sin 900 

- rilB CCW 

(8- 7) 

(8-8) 

2. Segment be. In segment be, the current from the battery is flowing from the 
upper left to the lower right in the pi cture. The force induced on the wire is 
given by 

Fbc - i(lx8) 

- 0 since I is parallel to 8 (8- 9) 

TIlerefore, 

"Tb< = 0 (8-10) 

3. Segment ed. In segment ed, the current from the battery is directed into the 
page. The magnetic fie ld under the pole face is pointing radially into the ro­
tor, so the force on the wire is given by 

Fed - i(l X 8 ) 

- ilB tangent to direction of motion 

TIle torque on the rotor caused by this force is 

"Ted - rF sin () 

- r(iIB) sin 900 

- rilB CCW 

(8-11 ) 

(8-1 2) 

4. Segment 00. In segment 00, the current from the battery is flowing from the 
upper left to the lower right in the pi cture. The force induced on the wire is 
given by 
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Fda - i(I XB) 

- 0 since I is parallel to B 

Therefore , 

Tdo = 0 

TIle resulting total induced torque on the loop is given by 

under the pole faces 

beyond the pole edges 

(8-13) 

(8-14) 

(8-15) 

By using the facts that Ap ,., rrrl and cp = ApB, the torque expression can be re­
duced to 

{, ~. - ~, 

Tind = : 
under the pole faces 

(8-16) 
beyond the pole edges 

TIlU S, the torque produced in the machine is the product of the flux in the 
machine and the current in the machine, times some quantity representing the me­
chanical construction of the machine (the percentage of the rotor covered by pole 
faces) . In general, the torque in any real machine will depend on the same three 
factors: 

L The flux in the machine 
2, The current in the machine 

), A constant representing the construction of the machine 

Example 8-1. Figure 8--6 shows a simple rotating loop between curved pole faces 
connected to a battery and a resistor through a switch. The resistor shown models the total 
resistance of the battery and the wire in the machine. The physical dimensions and charac­
teristics of this machine are 

r = O.5m 

R = 0.3!l 

VB = 120 V 

I = 1.0m 

B = O.25T 

(a) What happens when the switch is closed? 
(b) What is the machine's maximum starting current? What is its steady-state angu­

lar velocity at no load? 
(c) Suppose a load is attached to the loop, and the resulting load torque is 10 N· m. 

What would the new steady-state speed be? How much power is supplied to the 
shaft of the machine? How much power is being supplied by the battery? Is this 
machine a motor or a generator? 
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(d) Suppose the machine is again unloaded, and a torque of 7.5 N • m is applied to 
the shaft in the direction of rotation. What is the new steady-state speed? Is this 
machine now a motor or a generator? 

(e) Suppose the machine is rulUling unloaded. What would the final steady-state 
speed of the rotor be if the flux density were reduced to 0.20 T? 

Solution 
(a) When the switch in Figure 8-6 is closed, a current will flow in the loop. Since 

the loop is initially stationary, e jod = O. Therefore, the current will be given by 

VB - e i od VB 
i = = R R 

This current flows through the rotor loop, producing a torque 

2.; 
7iod = - 'I" 

~ 
ccw 

This induced torque produces an angular acceleration in a counterclockwise di­
rection, so the rotor of the machine begins to turn. But as the rotor begins to 
tum, an induced voltage is produced in the motor, given by 

so the current i falls. As the current falls, 7ind = (2hr)cpi.t.. decreases, and the ma­
chine winds up in steady state with 7iod = 0, and the battery voltage VB = eind' 

This is the same sort of starting behavior seen earlier in the linear dc machine. 
(b) At starting conditions, the machine's current is 

. VB l20V 
I = J[ = 0.3fi = 400 A 

At no-load steady-state conditions, the induced torque 7ind must be zero. But 
7ind = 0 implies that current i must equal zero, since 7ind = (2hr)cpi, and the flux 
is nonzero. The fact that i = 0 A means that the battery voltage VB = eind' There­
fore, the speed of the rotor is 

_ VB _ ~ 
W - (2i1r)cp - 2rlB 

l20V 
= 2(0.5 mXI.O mXO.25 T) = 480 rad/ s 

(c) If a load torque of 10 N om is applied to the shaft of the machine, it will begin 
to slow down. But as w decreases , eind = (2hr)cpwJ. decreases and the rotor cur­
rent increases [i = (VB - eind.t.. )/R]. As the rotor current increases, ITIOdI in­
creases too, until I 7;",,1 = 171Nd1 at a lower speed w. 

At steady state, 171 .... 1 = 17indl = (2hr)cpi. Therefore, 

. 7 jod 7ind 1= = --
(2hr)cp 2rlB 

ION om 
= (2XO.5 m)(1.0 mXO.25 T) = 40 A 
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By Kirchhoff 's voltage law, eind = VB - iR, so 

eiDd = 120 V - (40 AXO.3 ll) = 108 V 

Finally, the speed of the shaft is 
ejDd eiDd 

w = (2/Tr)q, = 2rlB 

108 V 
= (2)(0.5 mX1. 0 m)(0.25 1) = 432 radls 

The power supplied to the shaft is 

P = T W 

= ( 10 N • mX432 rad/s) = 4320 W 

The power out of the battery is 

P = VBi = (120 V)(40 A) = 4800 W 

This machine is operating as a motor, converting electric power to mechanical 
power. 

(d) If a torque is applied in the direction of motion, the rotor accelerates. As the 
speed increases, the internal voltage eind increases and exceeds Vs, so the current 
flows o ut of the top of the bar and into the battery. This machine is now a gen­
emtor. This current causes an induced torque opposite to the direction of mo­
tion. The induced torque opposes the external applied torque, and eventually 
I11NdI = ITUldI at a higher speed w. 

The current in the rotor will be 

. 7ind Tim 
I = (2hr)q, = 2rlB 

7.5 N. m 
= (2)(0.5 mX1.0 mXO.25 T) = 30 A 

The induced voltage eind is 

eind - VB + iR 

- 120 V + (30 AXO.3 !l) 

- 129 V 

Finally, the speed of the shaft is 
eiod eiDd 

W = (2/Tr)q, = 2rlB 

129 V 
= (2X0.5 m)( 1.0 mXO.25 T) = 516 radls 

(e) Since the machine is initially lUlloaded at the original conditions, the speed w = 
480 radls. If the flux decreases, there is a transient. However, after the transient 
is over, the machine must again have zero torque, since there is still no load on 
its shaft. If"TIDd = 0, then the current in the rotor must be zero, and VB = eind. The 
shaft speed is thus 

eiod eiDd 
w = (2/Tr)q, = 2rlB 
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120 V 
= (2)(0.5 mX 1.0 m)(0.20 T) = 600 rad /s 

Notice that when the flux in the machine is decreased, its speed increases. This 
is the same behavior seen in the linear machine and the same way that real dc 
motors behave. 

8.2 COMMUTATION IN A SIMPLE 
FOUR-LOOP DC MACHINE 

Commutation is the process of converting the ac voltages and currents in the rotor 
of a dc machine to dc voltages and currents at its tenninals. It is the most critical 
part of the design and operation of any dc machine. A more detailed study is nec­
essary to determine just how this conversion occurs and to discover the problems 
associated with it. In this section, the technique of commutation will be explained 
for a machine more complex than the single rotating loop in Section 8. 1 but less 
complex than a real dc machine. Section 8.3 will continue this development and 
explain commutation in real dc machines. 

A simple four-l oop, two-pole dc machine is shown in Figure 8- 7.lllis ma­
chine has four complete loops buried in slots carved in the laminated steel of its 
rotor. TIle pole faces of the machine are curved to provide a uniform air-gap width 
and to give a uniform nux density everywhere under the faces . 

The four loops of this machine are laid into the slots in a special manner. 
The "unprimed" end of each loop is the outermost wire in each slot, while the 
"primed" end of each loop is the innennost wire in the slot directly opposite. The 
winding's connections to the machine 's commutator are shown in Figure 8- 7b. 
Notice that loop 1 stretches between commutator segment s a and b, loop 2 
stretches between segments band c, and so forth around the rotor . 

• 

N s 

d 

(. J 

FIGURE 8-7 
(a) A four-toop two-pole dc machine shown at time WI = 0°. (continues) 
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(b) The voltages on the rotor conductors at this time, (c) A winding diagram of this machine showing 

the interconnections of the rotor loops. 

At the instant shown in Figure 8- 7, the \ ,2,3', and 4' ends of the loops are 
under the north pole face, while the \ ',2',3, and 4 ends of the loops are underthe 
south pole face. TIle voltage in each of the 1,2,3', and 4' ends of the loops is 
given by 

eind - (v x B) • I 

positi ve out of page 

( 1-45) 

(8-1 7) 

TIle voltage in each of the 1 " 2', 3, and 4 ends of the ends of the loops is given by 

- vBI positive into the page 

( 1-45) 

(8-1 8) 
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FIGURE 8-8 
The same machine at time WI = 

45°. showing the voltages on the 
conductors. 

The overall result is shown in Figure 8- 7b. In Figure 8- 7b, each coil represents 
one side (or conductor) of a loop. Ir the induced voltage on anyone side of a loop 
is called e = vB I, then the total voltage at the brushes or tile machine is 

1£ -4, wt -O' I (8-1 9) 

Notice that there are two parallel paths for current through the machine. The ex­
istence of two or more parallcl paths for rotor current is a common feature of all 
commutation schemes. 

What happens to the voltage E of the terminals as the rotor continues to 
rotate? To fmd out , examine Figure 8- 8. lllis fi gure shows the machine at time 
wt = 45 °. At that time, loops 1 and 3 have rotated into the gap between the poles, 
so the voltage across each of them is zero. Notice that at this instant the brushes 
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w 
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2 

The same machine at time WI = 90°, showing the voltages on the conductors. 

of the machine are shorting out commutator segments ab and cd. This happens 
just at the time when the loops between these segments have 0 V across them, so 
shorting out the segments creates no problem. At this time, only loops 2 and 4 are 
under the pole faces, so the terminal voltage E is given by 

I E ~ " (8- 20) 

Now let the rotor continue to turn through another 45°. TIle resulting situa­
tion is shown in Figure 8- 9. Here, the 1',2,3, and 4' ends of the loops are under 
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The resulting output voltage of the machine in Figure 8- 7 . 

the north pole face, and the I, 2', 3', and 4 ends of the loops are under the south 
pole face. The voltages are still built up out of the page for the ends under the 
north pole face and into the page for the ends under the south pole face. 1lle re­
sulting voltage diagram is shown in Figure 8-1 8b. There are now four voltage­
carrying ends in each paralle l path through the machine, so the terminal voltage E 
is given by 

wt - 900 1 (8- 21) 

Compare Figure 8- 7 to Figure 8- 9. Notice that the voltages on loops 1 and 
3 have reversed between the two pictures. but since their connections have also 
reversed, the total voltage is still being built up in the same direction as before. 
This fact is at the heart of every commutation scheme. Whenever the voltage re­
verses in a loop, the connections of the loop are also switched, and the total volt­
age is still built up in the original direction. 

The terminal voltage of this machine as a function of time is shown in Fig­
ure 8-1 0. It is a better approximation to a constant dc level than the single rotat­
ing loop in Section 8 .1 produced. As the number of loops on the rotor increases, 
the approximation to a perfect dc voltage continues to get better and better. 

In summary, 

Commutation is the process of switching the loop COIUlections on the rotor of a dc 
machine just as the voltage in the loop switches polarity, in order to maintain an es­
sentially constant dc output voltage. 

As in the case of the simple rotating loop, the rotating segments to which the 
loops are attached are called commutator segments, and the stationary pieces that 
ride on top of the moving segments are called brushes. The commutator segments 
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in real machines are typically made of copper bars. The brushes are made of a mix­
ture containing graphite, so that they cause very little fri ction as they rub over the 
rotating commutator segments. 

8.3 COMMUTATION AND ARMATURE 
CONSTRUCTION IN REAL DC MACHINES 

In real dc machines, there are several ways in which the loops on the rotor (also 
called the armature) can be connected to its commutator segments. nlese differ­
ent connections affect the number of parallel current paths within the rotor, the 
output voltage of the rotor, and the number and position of the brushes riding on 
the commutator segments. We wil l now examine the construction of the coils on 
a real dc rotor and then look at how they are connected to the commutator to pro­
duce a dc voltage. 

The Rotor Coils 

Regardless of the way in which the windings are connected to the commutator 
segments, most of the rotor windings themselves consist of diamond-shaped 
preformed coils which are inserted into the armature slots as a unit (see Figure 
8-11 ). Each coil consists of a number of turns (loops) of wire, each turn taped and 
insulated from the other turns and from the rotor slot. Each side of a turn is called 
a conductor. 1lle number of conductors on a machine 's annature is given by 

where 

I Z ~ 2eNc I 

Z = number of conductors on rotor 

C = number of coils on rotor 

Nc = number of turns per coil 

(8- 22) 

Nonnally, a coil spans 180 electrical degrees. nlis means that when one 
side is under the center of a given magnetic pole, the other side is under the cen­
ter of a pole of opposite polarity. The physical poles may not be located 180 me­
chanical degrees apart, but the magnetic fi e ld has complete ly reversed its polarity 
in traveling from under one pole to the next. The relationship between the e lectri­
cal angle and mechanical angle in a given machine is given by 

where Oe = electrical angle, in degrees 

0", = mechanical angle, in degrees 

P = number of magnetic poles on the machine 

(8- 23) 

If a coil spans 180 e lectrical degrees, the voltages in the conductors on either side 
of the coil will be exact ly the same in magnitude and opposite in direction at all 
times. Such a coil is called afull-pitch coil. 
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I", length of conductor 

(a) 

(b) 

(a) The shape of a typical prefornled rotor coil. (b) A typical coil insulation system showing the 
insulation between turns within a coil. (Courtesy ofGeneml Electric Company.) 

Sometimes a coil is built that spans less than 180 e lectrical degrees. Such a 
coil is called afractional-pitch coil, and a rotor winding wound with fractional­
pitch coils is called a chorded winding. 1lle amount of chording in a winding is 
described by a pitch factor p, which is defined by the equation 

e lectrical angle of coil 
p = 180 0 x 100% (8- 24) 

Sometimes a small amount of chording will be used in dc rotor windings to im­
prove commutation. 

Most rotor windings are hi!o-layer windings, meaning that sides from two 
different coils are inserted into each slot. One side of each coil will be at the bot­
tom of its slot, and the other side will be at the top of its slot. Such a construction 
requires the individual coils to be placed in the rotor slots by a very elaborate 
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""GURE 8-12 
The installation of prefonned rotor coils on a dc machine rotor. (Courtesy of Westinghouse Electric 
Company.) 

procedure (see Figure 8-1 2). One side of each of the coil s is placed in the bottom 
of its slot, and then after all the bottom sides are in place, the other side of each 
coil is placed in the top of its slot. In this fashion, all the windings are woven to­
gether, increasing the mechanical strength and unifonnity of the final structure. 

Connections to the Commutator Segments 

Once the windings are installed in the rotor slots, they must be connected to the 
commutator segments. There are a number of ways in which these connections 
can be made, and the different winding arrangements which result have different 
advantages and disadvantages. 

TIle distance (in number of segments) between the commutator segments to 
which the two ends of a coil are connected is called the commutator pitch Ye. If the 
end of a coil (or a set number of coils, for wave construction) is connected to a 
commutator segment ahead of the one its beginni ng is connected to, the winding 
is called a progressive winding. If the end of a coil is connected to a commutator 
segment behind the one its beginning is connected to, the winding is called a ret­
rogressive winding. If everything else is identical, the direction of rotation of a 
progressive-wound rotor will be oppos.ite to the direction of rotation of a 
retrogressive-wound rotor. 

Rotor (armature) windings are further classified according to the plex of 
their windings. A simplex rotor winding is a single, complete, closed winding 
wound on a rotor. A duplex rotor winding is a rotor with two complete and inde­
pendent sets of rotor wi ndings. I f a rotor has a duplex winding, then each of the 
windings will be associated with every other commutator segment: One winding 
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FIGURE 8-13 
(3) A coil in 3 progressive rotor winding. (b) A coil in 3 retrogressive rotor winding. 

will be connected to segments I, 3, 5, etc., and the other winding will be con­
nected to segments 2, 4, 6, etc. Similarly, a triplex winding will have three com­
plete and independent sets of windings, each winding connected to every third 
commutator segment on the rotor. Collectively, all armatures with more than one 
set of windings are said to have multiplex windings. 

Finally, annature windings are classified according to the seq uence of their 
connections to the commutator segments. There are two basic sequences of arrna­
ture winding connections-iap windings and wave windings. In addition, there is 
a third type of winding, called a frog-leg winding, which combines lap and wave 
windings on a single rotor. These windings will be examined individually below, 
and their advantages and disadvantages will be discussed. 

The Lap Winding 

The simplest type of winding construction used in modem dc machines is the sim­
plex series or lap winding. A simplex lap winding is a rotor winding consisting of 
coils containing one or more turns of wire with the two ends of each coil coming 
out at adjacent commutator segments (Figure 8- 13). If the end of the coil is con­
nected to the segment after the segment that the beginning of the coil is connected 
to, the winding is a progressive lap winding and Yc = I; if the end of the coil is 
connected to the segment before the segment that the beginning of the coil is con­
nected to, the winding is a retrogressive lap winding and Yc = - I. A simple two­
pole machine with lap windings is shown in Figure 8- 14. 

An interesting feature of simplex lap windings is that there are as many par­
allel current paths through the machine as there are poles on the mnchine. If C is 
the number of coil s and commutat or segments present in the rotor and P is the 
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""GURE 8-14 
A simple two-pole lap-wound dc machine. 

number of poles on the machine, then there will be c/P coils in each of the P par­
allel current paths through the machine. The fact thai there are P current paths also 
requires that there be as many brushes on the machine as there are poles in order 
to tap all the current paths. This idea is illustrated by the simple four-pole motor 
in Figure 8-15. Notice that, for this motor, there are four current paths through the 
rotor, each having an equal voltage. The fact that there are many current paths in 
a multi pole machine makes the lap winding an ideal choice for fairl y low-voltage, 
high-current machines, since the high currents required can be split among the 
several different current paths. This current splitting pennits the size of individual 
rotor conductors to remain reasonable even when the total current becomes ex­
tremely large. 

TIle fact that there are many parallel paths through a multipole lap-wound 
machine can lead to a serious problem, however. To understand the nature of this 
problem, examine the six-pole machine in Figure 8-1 6. Because of long usage, 
there has been slight wear on the bearings of this machine, and the lower wires are 
closer to their pole faces than the upper wires are. As a result, there is a larger volt­
age in the current paths involving wires under the lower pole faces than in the paths 
involving wires under the upper pole faces. Since all the paths are connected in par­
allel, the result will be a circulating current fl owing out some of the brushes in the 
machine and back into others, as shown in Figure 8-17. Need less to say, this is not 
gooj for the machine. Since the winding resistance of a rotor circuit is so small, a 
very tiny imbalance runong the voltages in the parallel paths will cause large cir­
culating currents through the brushes and potentially serious heating problems. 

TIle problem of circulating currents within the parallel paths of a machine 
with four or more poles can never be entire ly resolved, but it can be reduced 
somewhat by equalizers or equalizing windings. Equalizers are bars located on the 
rotor of a lap-wound dc machine that short together points at the same voltage 
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(a) A four-pole lap-wound de motor. (b) The rotor winding diagram of this machine. Notice that each 
winding ends on the commutator segment just after the one it begins at. This is a progressive lap 
winding. 
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""GURE 8-16 
A six-pole dc motor showing the effects of bearing wear. Notice that the rotor is slightly closer to the 
lower poles than it is to the upper poles. 

level in the different paralle l paths. The effect of this shorting is 10 cause any cir­
culating currents that occur to now inside the small sections of windings thu s 
shorted together and to prevent this circulating current from flowing through the 
brushes of the machine. TIlese circulating currents even partially correct the flux 
imbalance that caused them to exi st in the first place. An equalizer for the four­
pole machine in Figure 8-1 5 is shown in Figure 8-1 8, and an equalizer for a large 
lap-wound dc machine is shown in Figure 8-1 9. 

If a lap winding is duplex, then there are two complete ly independent wind­
ings wrapped on the rotor, and every othe r commutator segment is tied to one of 
the sets . Therefore, an indi vidual coil ends on the second commutat or segment 
down from where it started, and Yc = ~2 (depending on whe ther the winding is 
progressive or retrogressive). Since each set of windings has as many current 
paths as the machine has poles, there are twice as many current paths as the ma­
chine has poles in a duplex lap winding. 

In general, for an m-plex lap winding, the commutator pitch Yc is 

lap winding (8- 25) 

and the number of current paths in a machine is 

I a -mpl lap winding (8- 26) 
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FIGURE 8-17 
The voltages on the rotor conductors of the machine in Figure 8--16 are unequal. producing 
circulating currents flowing through its brushes. 

where a = number of current paths in the rotor 

m = plex of the windings ( I, 2, 3, etc.) 

P = number of poles on the machine 

The Wave Winding 

+ 

+ 

+ 

+ 

+ 

The series or wave winding is an alternati ve way to connect the rotor coils to the 
commutator segments. Figure 8- 20 shows a sim ple four-pole machine with a 
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(a) An equalizer connection for the four-pole machine in Figure 8--15. (b) A voltage diagram for the 
machine shows the points shoned by the equalizers. 
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A simple four-pole wave-wound dc machine. 
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FlGURE 8- 19 
A closeup of the commutator of a 
large lap-wound de machine. The 
equalizers are moumed in the 
smaIl ring just in front of the 
commutator segments. (Courtesy 
ofGeneml Electric Company.) 
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simplex wave winding. In this simplex wave winding, every other rotor coil con­
nects back to a commutator segme nt adjacent to the beginning of the first coil. 
TIlerefore, there are two coils in series between the adjacent commutator seg­
me nts. Furthennore, since each pair of coils between adjacent segments has a side 
under each pole face, all output voltages are the sum of the effects of every pole, 
and there can be no voltage imbalances. 

TIle lead from the second coil may be connected to the segme nt either ahead 
of or behind the segment at which the first coil begins. If the second coil is con­
nected to the segment ahead of the first coil, the winding is progressive; if it is 
connected to the segment behind the first coil, it is retrogressive. 

I n general, if there are P poles on the machine, then there are PI2 coils in se­
ries between adjacent commutator segments. If the (PI2)th coi I is connected to the 
segment ahead of the first coil, the winding is progressive . If the (PI2)th coil is 
connected to the segment behind the first coil, the winding is retrogressive. 

In a simplex wave winding, there are only two current paths. There are c/2 
or one-half of the windings in each current path. The brushes in such a machine 
will be located a full pole pitch apart from each other. 

What is the commutator pitch for a wave winding? Figure 8- 20 shows a 
progressive nine-coil winding, and the e nd of a coil occurs five segments down 
from its starting point. In a retrogressive wave winding, the end of the coil occurs 
four segments down from its starting point. Therefore , the end of a coil in a fo ur­
pole wave winding mu st be connected just before or just after the point halfway 
around the circle from its starting point. 

TIle general expression for commutator pitch in any simplex wave winding is 

simplex wave (8- 27) 

where C is the number of coils on the rotor and P is the number of poles on the 
machine . The plus sign is associated with progressive windings, and the minu s 
sign is associated with retrogressi ve wind ings. A simplex wave winding is shown 
in Figure 8- 2 1. 

Since there are only two current paths through a simplex wave-wound rotor, 
only two brushes are needed to draw off the current. TIlis is because the segments 
undergoing commutation connect the points with equal voltage under all the pole 
faces . More brushes can be added at points 180 e lectrical degrees apart if desired, 
since they are at the same potential and are connected togethe r by the wires un­
dergoing commutation in the machine . Extra brushes are usually added to a wave­
wound machine, even tho ugh they are not necessary, because they reduce the 
amount of current that must be drawn through a given brush set. 

Wave windings are well suited to bui lding higher-voltage dc machines, 
since the number of coils in series between commutator segme nts pennits a high 
voltage to be built up more easily than with lap windings. 

A multiplex wave winding is a winding with multiple independent sets of 
wave windings on the rotor. These extra sets of windings have two current paths 
each, so the number of current paths on a multiplex wave winding is 
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FIGURE 8-21 
The rotor winding diagram for the machine in fi gure 8-20. Notice that the end of every second coil in 
series connects to the segment after the beginning of the first coil. This is a progressive wave winding. 

I a - 2m I rnul1iplex wave (8- 28) 

The Frog-Leg Winding 

Thefrog-leg winding or self-equaliZing winding gets its name from the shape of 
its coils, as shown in Figure 8- 22. It consists of a lap winding and a wave wind­
ing combined. 

The equalizers in an ordinary lap winding are connected at points of equal 
voltage on the windings. Wave windings reach between points of essentially equal 
vol1age under successive pole faces of the same polarity, which are the same lo­
cations that equali zers tie together. A frog- leg or self-eq ualizing winding com­
bines a lap winding with a wave winding, so that the wave windings can function 
as equalizers for the lap winding. 

The number of current paths present in a frog- leg winding is 

I a - ' Pm,." I frog-leg winding (8- 29) 

where P is the number of poles on the machine and mJap is the plex of the lap 
winding. 

EXIllllpie 8-2. Describe the rotor winding arrangement of the four-loop machine 
in Section 8.2. 

Solutioll 
The machine described in Section 8.2 has four coils. each containing one turn. resulting in 
a total of eight conductors. It has a progressive lap winding. 
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Fl GURE 8-22 
A frog-leg or self-equalizing winding coil. 

8.4 PROBLEMS WITH COMMUTATION IN 
REAL MACHINES 

TIle commutation process as described in Sections 8.2 and 8.3 is not as simple in 
practice as it seems in theory, because two major effects occ ur in the real world to 
dist urb it: 

L Annature reaction 
2, L dildt voltages 

TIlis section explores the nature of these problems and the sol utions employed to 
mitigate their effects. 

Annature Reaction 

If the magnetic field windings of a dc machine are connected to a power supply 
and the rotor of the machine is turned by an external source of mechanical power, 
then a voltage wi ll be induced in the cond uctors of the rotor. This voltage wil I be 
rectified into a dc output by the action of the machine's commutator. 

Now connect a load to the tenninaIs of the machine, and a current will fl ow 
in its armat ure windings. TIlis current flow wi ll prod uce a magnetic fi e ld of its 
own, which wi ll distort the original magnetic fie ld from the machine 's poles. TIlis 
distortion of the flux in a machine as the load is increased is called armature re­
action. It causes two serious problems in real dc machines. 

TIle first problem caused by annature reaction is neutral-plane shift. The 
mngnetic neutral plane is defined as the plane within the machine where the 
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FIGURE 8-23 
The development of annature reaction in a dc gelJerator. (a) Initially the pole flux is unifonnly 
distributed. and the magnetic neutral plane is vertical; (b) the effect of the air gap on the pole flux 
distribution; (c) the armature magnetic field resulting when a load is connected to the machine; 
(d) both rotor and pole fluxes are shown. indicating points where they add and subtract; (e) the 
resulting flux under the poles. The neutral plane has shifted in the direction of motion. 

velocity of the rotor wires is exactly parallel to the magnetic nux lines, so that eind 

in the conductors in the plane is exactly zero. 
To understand the problem of neutral-plane shift, exrunine Figure 8- 23 . Fig­

ure 8- 23a shows a two-pole dc machine. Notice that the nux is distributed uni­
fonn ly under the pole faces. The rotor windings shown have voltages built up out 
of the page for wires under the north pole face and into the page for wires under 
the south pole face. The neutral plane in this machine is exactly vertical. 

Now suppose a load is connected to this machine so that it acts as a genera­
tor. Current will now out of the positive terminal of the generator, so current wi ll 
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be flowing out of the page for wires under the north pole face and into the page for 
wires under the south pole face . This current fl ow produces a magnetic fi e ld from 
the rotor windings, as shown in Figure 8- 23c. This rotor magnetic field affects the 
original magnetic fie ld from the poles that produced the generator's voltage in the 
first place. In some places under the pole surfaces, it subtracts from the pole flux , 
and in other places it adds to the pole flu x. The overall result is that the magnetic 
flu x in the air gap of the machine is skewed as shown in Figure 8- 23d and e. No­
tice that the place on the rotor where the induced voltage in a conductor would be 
zero (the neutral plane) has shifted. 

For the generator shown in Figure 8- 23, the magnetic neutral plane shifted 
in the direction of rotation. If this machine had been a motor, the current in its ro­
tor would be reversed and the nux would bunch up in the opposite corners from 
the bunches shown in the figure. As a result, the magnetic neutral plane would 
shift the other way. 

I n general, the neutral-plane shifts in the direction of motion for a generator 
and opposite to the direction of motion for a motor. Furthennore, the amount of the 
shift depends on the amount of rotor current and hence on the load of the machine. 

So what's the big deal about neutral-plane shift ? It 's just thi s: The commu­
tator must short out commutator segments just at the moment when the voltage 
across them is equal to zero . Ifthe brushes are set to short out conductors in the 
vertical plane, then the voltage between segments is indeed zero until the machine 
is loaded. When the machine is loaded, the neutral plane shifts, and the brushes 
short out commutator segments with a finite voltage across them. The result is a 
current now circulating between the shorted segments and large sparks at the 
brushes when the current path is interrupted as the brush leaves a segment. The 
end result is arcing and sparking at the brushes. TIlis is a very serious problem, 
since it leads to drastically reduced brush I ife, pitting of the commutator segments, 
and greatly increased maintenance costs. Notice that this problem cannot be fi xed 
even by placing the brushes over the full-load neutral plane, because then they 
wou Id spark at no load. 

In extreme cases, the neutral-plane shift can even lead to flashover in the 
commutator segments near the brushes. The air near the brushes in a machine is 
normally ionized as a result of the sparking on the brushes. Flashover occurs when 
the voltage of adjacent commutator segments gets large enough to sustain an arc 
in the ionized air above them. If flashover occurs, the resulting arc can even melt 
the commutator 's surface. 

TIle second major problem caused by annature reaction is called flux weak­
ening. To understand flux weakening, refer to the magnetization curve shown in 
Figure 8- 24. Most machines operate at flu x densities near the saturation point. 
TIlerefore, at locations on the pole surfaces where the rotor magnetomotive force 
adds to the pole magnetomotive force, only a small increase in nux occurs. But at 
locations on the pole surfaces where the rotor magnetomoti ve force subtracts from 
the pole magnetomoti ve force, there is a larger decrease in flu x. 1lle net result is 
that the total averageflux under the entire pole face is decreased (see Figure 8- 25) . 
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FIGURE 8-24 
A typical magnetization curve shows the effects of pole saturation where armature and pole 
magnetomotive forces add. 

Flux weakening causes problems in bolh generators and motors. In genera­
tors, the effect of flux weakening is simply to reduce the voltage supplied by the 
generator for any given load . In motors, the effect can be more serious. As the early 
examples in this chapter showed, when the flux in a motor is decreased, its speed in­
creases. But increasing the speed of a motor can increase its load, resulting in more 
flux weakening. It is possible for some shunt dc motors to reach a runaway condi­
tion as a result offlux weakening, where the speed of the motor just keeps increas­
ing until the machine is disconnected from the power line or until it destroys itself. 

L dildt Voltages 

The second major problem is the L dildt voltage that occurs in commutator seg­
ments being shorted out by the brushes, sometimes called inductive kick. To un­
derstand this problem, look at Figure 8- 26. This figure represents a series of com­
mutator segments and the conductors connected between them. Assuming that the 
current in the brush is 400 A, the current in each path is 200 A. Notice that when 
a commutator segme nt is shorted out, the current fl ow through that commutator 
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segment must reverse. How fast must this reversal occur? Assuming that the ma­
chine is turning at 800 r/min and that there are 50 commutator segments (a reason­
able number for a typical motor), each commutator segme nt moves under a brush 
and clears it again in t = 0.00 15 s. 1l1erefore, the rate of change in current with re­
spect to time in the shorted loop must average 

di 400 A 
dt - 0.00 15 s - 266,667 A ls (8- 30) 
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FIGURE 8-26 
(a) The revel"S3.1 of current flow in a coil undergoing commutation. Note that the current in the coil 

between segments a and b must reverse direction while the brush ShOMS together the two commutator 

segments. (b) The current reversal in the coil undergoing commutation as a function of time for both 
ideal commutation and real commutation. with the coil inductance taken into account. 

With even a tiny inductance in the loop, a very significant inductive voltage kick 
v = Ldildt will be induced in the shorted commutator segment. This high voltage 
naturally causes sparking at the brushes of the machine, resulting in the same arc­
ing problems that the neutral-plane shift causes. 
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Solutions to the Problems with Commutation 

TIlree approaches have been developed to partially or completely correct the prob­
lems of armature reaction and L dildt voltages: 

I. Brush shifting 

2. Commutating poles or interpoles 

3. Compensating windings 

E:1.ch of these techniques is explained below, together with its advantages and dis­
advantages. 

BRUSH SHIFTING. Historically, the first attempts to improve the process of 
commutation in real dc machines started with attempts to stop the sparking at the 
brushes caused by the neutral-plane shifts and L dildt effects. The first approach 
taken by machine designers was simple: If the neutral plane of the machine shifts, 
why not shift the brushes with it in order to stop the sparking? It certainly seemed 
like a good idea, but there are several serious problems associated with it. For one 
thing, the neutral plane moves with every change in load, and the shift direction 
reverses when the machine goes from motor operation to generator operation. 
lllerefore, someone had to adjust the brushes every time the load on the machine 
changed . In addition, shifting the brushes may have stopped the brush sparking, 
but it actually aggravated the flux-weakening effect of the armature reaction in 
the machine. TIlis is true because of two effects: 

I. The rotor magnetomotive force now has a vector component that opposes the 
magnetomotive force from the poles (see Figure 8- 27). 

2. The change in annature current distribution causes the flux to bunch up even 
more at the saturated parts of the pole faces. 

Another slightly different approach sometimes taken was to fix the brushes 
in a compromise position (say, one that caused no sparking at two-thirds of full 
load) . In this case, the motor sparked at no load and somewhat at full load, but if 
it spent most of its life operating at about two-thirds of full load, then sparking 
was minimized. Of course, such a machine could not be used as a generator at 
,II-the sparking would have been horrible. 

By about 19 10, the brush-shifting approach to controlling sparki ng was al­
ready obsolete . Today, brush shifting is only used in very small machines that al­
ways run as motors. TIli s is done because better solutions to the problem are sim­
ply not economical in such small motors. 

COMMUTATING POLES OR INTERPOLES. Because of the disadvantages noted 
above and especially because of the requirement that a person must adjust the 
brush positions of machines as their loads change, another solution to the problem 
of brush sparking was developed. TIle basic idea behind this new approach is that 
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(a) The net magnetomotive force in a dc machine with its brushes in the vertical plane. (b) The net 
magnetomotive force in a dc machine with its brushes over the shifted neutral plane. Notice that now 
there is a component of armature magnetomotive force directly oppOiling the poles' magnetomotive 
force. and the net magnetomotive force in the machine is reduced. 

if the voltage in the wires undergoing commutation can be made zero, then there 
wi ll be no sparking at the brushes. To accomp li sh thi s, small poles, called com­
mutating poles or interpoles, are placed midway between the main poles. These 
commutating poles are located directly over the conductors being commutated. By 
providing a flux from the commutating poles, the voltage in the coil s undergoing 
commutation can be exact ly canceled. If the cancell ation is exact, then there will 
be no sparking at the brushes. 

The commutating poles do not otherwise change the operation of the ma­
chine, because they are so small that they affect only the few conductors about to 
undergo commutation. Notice that the armature reaction under the main pole faces 
is unaffected, since the effects of the commutating poles do not extend that far. nlis 
means that the flux weakening in the machine is unaffected by commutating poles. 

How is cancell ation of the voltage in the commutator segment s accom­
plished for all values of loads? nlis is done by simply connecting the interpole 
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windings in series with the windings on the rotor, as shown in Figure 8- 28. As the 
load increases and the rotor current increases, the magnitude of the neutral-plane 
shift and the size of the L dildt effects increase too. Both these effects increase the 
voltage in the conductors undergoing commutation. However, the interpole flux 
increases too, producing a larger voltage in the conductors that opposes the volt­
age due to the neutral-plane shift. The net result is that their effects cancel over a 
broad range of loads. Note that interpoles work for both motor and generator op­
eration, since when the machine changes from motor to generator, the current both 
in its rotor and in its interpoles reverses direction. Therefore, the voltage effects 
from them still cancel. 

What polarity must the flux in the interpoles be? The interpoles must induce 
a voltage in the conductors undergoing commutation that is opposite to the voltage 
caused by neutral-plane shift and L dildt effects. In the case of a generator, the neu­
tral plane shifts in the direction of rotation, meaning that the conductors undergoing 
commutation have the same polarity of voltage as the pole they just left (see Figure 
8- 29). To oppose thi s voltage, the interpolcs must have the opposite flux, which is 
the flux of the upcoming pole. In a motor, however, the neutral plane shifts opposite 
to the direction of rotation, and the conductors undergoing commutation have the 
same flux as the pole they are approaching. In order to oppose this voltage, the in­
terpoles must have the same polarity as the previous main pole. Therefore, 

I. The interpoles mu st be of the same polarity as the next upcoming main pole 
in a generator. 

-

v, 
N s 

R -----d+ -I, 
""GURE 8- 28 
A de machine with imerpoles. 
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2. The interpoles must be of the same polarity as the previous main pole in a 
motor. 

The use of commutating poles or interpoles is very common, because they 
correct the sparking problems of dc machines at a fairly low cost. TIley are almost 
always found in any dc machine of I hp or larger. It is important to realize, 
though, that they do nothing for the flux distribution under the pole faces, so the 
flux-weakening problem is still present. Most medium-size, general-purpose mo­
tors correct for sparking problems with interpoles and just live with the flux­
weakening effects. 

N 

New neutral 
plane 

Now 
neutral 
plane 

FIGURE 8-29 

u 

s 

n 
(a) 

(b) 

Determining the required polarity of an interpole. The flux from the interpole must produce a voltage 
that opposes the existing voltage in the conductor. 
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-- Rotor (amlature) flux - - - Aux from compensating windings 
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""GURE 8-30 
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o 

,b, 
Neutral plane no/ shifted 

with load 

The effect of compensating windings in a dc machine. (a) The pole flux in the machine; (b) the 
fluxes from the armature and compensating windings. Notice that they are equal and opposite; 
(c) the net flux in the machine. which is just the original pole flux. 

, , , , 

COMPENSATING WINDINGS. For very heavy, severe duty cycle motors, the 
flux-weakening problem can be very serious. To complete ly cance l armature re­
action and thus eliminate both neutral-plane shift and flux weakening, a different 
technique was developed. This third technique involves placing compensating 
windings in slots carved in the faces of the poles parallel to the rotor conductors, 
to cancel the distorting effect of annature reaction. These windings are connected 
in series with the rotor windings, so that whenever the load changes in the rotor, 
the current in the compensating windings changes, too. Figure 8- 30 shows the ba­
sic concept. In Figure 8- 30a, the pole flux is shown by itself. In Figure 8- 30b, the 
rotor fl ux and the compensating winding fl ux are shown. Figure 8- 3Oc represents 
the sum of these three flu xes, which is just equal to the original pole flux by itself. 

Figure 8- 3 \ shows a more careful development of the effect of compensat­
ing windings on a dc machine. Notice that the magnetomoti ve force due to the 
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The flux and magnetomotive forces in a de machine with compensating windings. 

compensating windings is equal and opposite to the magnetomotive force due to 
the rotor at every point under the pole faces. The resulting net magnet omotive 
force is just the magnetomotive force due to the poles, so the flux in the machine 
is unchanged regardless of the load on the machine. The stator of a large dc ma­
chine with compensating windings is shown in Figure 8- 32. 

The major disadvantage of compensating windings is that they are expen­
sive, since they must be machined into the faces of the poles. Any motor that uses 
them must also have interpoles, since compensating windings do not cancel 
L dildt effects. The interpoles do not have to be as strong, though, since they are 
canceling only L dildt voltages in the windings, and not the voltages due to 
neutral-plane shifting. Because of the expense of having both compensating wind­
ings and interpoles on such a machine, these windings are used only where the ex­
tremely severe nature of a motor 's duty demands them. 
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""GURE 8-32 
The stator of a six-pole dc machine with imerpoIes and compensating windings. (Courtesy of 
Westinghouse Electric Company.) 

8.5 THE INTERNAL GENERATED VOLTAGE 
AND INDUCED TORQUE EQUATIONS OF 
REAL DC MACHINES 

How much voltage is produced by a real dc machine? The induced voltage in any 
given machine depends on three factors: 

I. The flux <p in the machine 

2. The speed W of the machine's rotor 

3. A constant depending on the construction of the machine 

How can the voltage in the rotor windings of a real machine be detennined? The 
voltage out of the annature of a real machine is equal to the number of conductors 
per current path times the voltage on eac h conductor. The voltage in any single 
conductor under the pole faces was previously shown to be 

eind = e = vBI 

TIle voltage out of the annature of a real machine is thus 

E = ZvBI 
A a 

(8- 3 1) 

(8- 32) 
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where Z is the total number of conduct.ors and a is the number of current paths. 
The velocity of each conductor in the rotor can be expressed as v = rw, where r is 
the radius of the rotor, so 

E = ZrwBI 
A a (8- 33) 

nlis voltage can be reexpressed in a more convenient form by noting that 
the nux of a pole is equal to the nux density under the pole times the pole's area: 

4> = BAp 

The rotor of the machine is shaped like a cylinder, so its area is 

A = 27frl (8- 34) 

I f there are P poles on the machine, the n the portion of the area associated with 
each pole is the total area A divided by the number of poles P: 

A = A = 27frl 
p P P (8- 35) 

The total flux per pole in the machine is thus 

4> = BAp = B(2 7frl) = 27fr1B 
p p (8- 36) 

lllerefore, the internal generated voltage in the machine can be expressed as 

Finally, 

where 

E 
_ ZrwBI 

A- a 
(8- 33) 

(8- 37) 

(8- 38) 

(8- 39) 

In modern industrial practice, it is common to express the speed of a ma­
chine in revolutions per minute instead of radians per second. The conversi on 
from revolutions per minute to radians per second is 

(8-40) 

so the voltage equation with speed expressed in tenns of revolutions per minute is 
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I E, ~ K'<I>" I (8-4 1) 

where I K'= ~ I (8-42) 

How much torque is induced in the annature of a real dc machine? The 
torque in any dc machine depends on three factors : 

I. The flux <p in the machine 

2. The armature (or rotor) current I ... in the machine 

3. A constant depending on the construction of the machine 

How can the torque on the rotor of a real machine be determined? The 
torque on the armature of a real machine is equal to the number of conductors Z 
times the torque on each conductor. TIle torque in any single conductor under the 
pole faces was previously shown to be 

(8-43) 

If there are a current paths in the machine, then the total annature current I ... is 
split among the a current paths, so the current in a single conductor is given by 

I, 
leo"" = a 

and the torque in a single conductor on the motor may be expressed as 

dAIB 
Tcood = - a-

(8-44) 

(8-45) 

Since there are Z conductors, the total induced torque in a dc machine 
rotor is 

(8-46) 

The flux per pole in this machine can be expressed as 

J.. = BA = B(2 7rrD = 27rr1B 
'+' p P P (8-47) 

so the total induced torque can be reexpressed as 

(8-48) 

Finally, 

I Tind = K<pIA I (8-49) 

where I K = ~ I (8- 39) 
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Both the inte rnal generated voltage and the induced torque equations just 
given are only approximations, because not alJ the conductors in the machine are 
under the pole faces at any given time and also because the surfaces of each pole 
do not cover an entire liP of the rotor's surface. To achieve greater accuracy, the 
number of conductors under the pole faces could be used instead of the total num­
ber of conductors on the rotor. 

Example &-3. A duplex lap-wound annature is used in a six-pole dc machine with 
six brush sets. each spanning two conunutator segments. There are 72 coils on the arma­
ture, each containing 12 turns. The flux per pole in the machine is 0.039 Wb, and the ma­
chine spins at 400 r/min. 

(a) How many current paths are there in this machine? 
(b) What is its induced voltage EA? 

Solutioll 
(a) The number of current paths in this machine is 

a = mP = 2(6) = 12 current paths 

(b) The induced voltage in the machine is 

EA = K'qm 

K' = ZP 
60a 

The number of conductors in this machine is 

Z = 2CNc 
= 2(72)(12) = 1728 conductors 

Therefore, the constant K' is 

K' = ZP = (1728X6) = 144 
60a (60XI2) . 

and the voltage EA is 

EA = K'cpn 

= (14.4)(0.039 Wb)(400 r/min) 

= 224.6 V 

(8--26) 

(8-41) 

(8-42) 

(8-22) 

EXllmple 8-4. A 12-pole dc generator has a simplex wave-wound annature con­
taining 144 coils of 10 turns each. The resistance of each turn is 0.011 n. Its flux per pole 
is 0.05 Wb, and it is turning at a speed of 200 r/min. 

(a) How many current paths are there in this machine? 
(b) What is the induced annature voltage of this machine? 
(c) What is the effective annature resistance of this machine? 
(d) If a I-ill resistor is connected to the tenninals of this generator, what is the re­

sulting induced countertorque on the shaft of the machine? (Ignore the internal 
annature resistance of the machine.) 
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Solutio" 
(a) There are a = 2m = 2 current paths in this winding. 
(b) There are Z = 2CNc = 2(144X 10) = 2880 conductors on this generator 's rotor. 

Therefore, 

K' = ZP = (2880XI2) = 288 
60a (60)(2) 

Therefore, the induced voltage is 

E}, = K'q>n 

= (288XO.OS Wb)(200 r/min) 

= 2880 V 

(e) There are two parallel paths through the rotor of this machine, each one consist­
ing of 712 = 1440 conductors, or 720 turns. Therefore, the resistance in each 
current path is 

Resistancelpath = (720 turnsXO.OII !lIturn) = 7.92 n 
Since there are two parallel paths, the effective armature resistance is 

R}, = 7.9; n = 3.96 n 

(d) If a lOOO~ load is connected to the tenninals of the generator, and if R}, is ig­
nored, then a current of 1 = 2880 V/HXX) n = 2.88 A flows. The constant K is 
given by 

K = ZP = (2880)(12) = 2750:2 
27TO" (27T)(2) . 

Therefore, the countertorque on the shaft of the generator is 

"Tind = Kt$/}, = (27S0.2XO.05 Wb)(2.88 A) 

= 396 Nom 

8.6 THE CONSTRUCTION OF 
DC MACHINES 

A simplified sketch of a dc machine is shown in Figure 8- 33, and a more detailed 
cutaway diagram of a dc machine is show n in Figure 8- 34. 

TIle physical structure of the machine consists of two parts: the stator or sta­
tionary part and the rotor or rotating part. TIle stationary part of the machine con­
sists of the frame, which provides physical support, and the pole pieces, which 
project inward and provide a path for the magnetic flux in the machine. TIle ends 
of the pole pieces that are near the rotor spread out over the rotor surface to dis­
tribute its flu x evenly over the rotor surface. TIlese ends are called the pole shoes. 
1lle exposed surface of a pole shoe is called a pole face, and the distance between 
the pole face and the rotor is calJed the air gap. 
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Yoke ----j'!-
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FIGURE 8-33 
A simplified diagram of a de machine. 

(a) 

FIGURE 8-34 
(a) A cutaway view of a 4O(X)..hp, 700, V. 18-pole de machine showing compensating windings. 
interpoles. equalizer. and commutator. (Courtesy ofGeneml Electric Company.) (b) A cutaway view 
of a smaller four'pole de motor including interpoles but without compensating windings. (Courtesy 
of MagneTek lncorpomted.) 
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TIlere are two principal windings on a dc machine: the annature windings 
and the field windings. The armature windings are defined as the windings in 
which a voltage is induced, and the field windings are defined as the windings that 
produce the main magnetic flux in the machine. In a nonnal dc machine, the 
annature windings are located on the rotor, and the fi e ld windings are located on 
the stator. Because the annature windings are located on the rotor, a dc machine's 
rotor itself is sometimes called an armature. 

Some maj or features of typical dc motor construction are described below. 

Pole and Frame Construction 

TIle main poles of older dc machines were oft en made of a single cast piece of 
metal, with the field windings wrapped around it. TIley often had bolted-on lami­
nated tips to reduce core losses in the pole faces. Since solid-state drive packages 
have become common, the main poles of newer machines are made entirely of 
laminated material (see Figure 8- 35). This is true because there is a much higher 
ac content in the power supplied to dc motors driven by solid-state drive pack­
ages, resulting in much higher eddy current losses in the stators of the machines. 
TIle pole faces are typi cally either chamfered or eccentric in construction, mean­
ing that the outer tips of a pole face are spaced slightly further from the rotor's 
surface than the center of the pole face is (see Figure 8- 36) . This action increases 
the reluctance at the tips of a pole face and therefore reduces the flux-bunching ef­
fect of annature reaction on the machine. 

""GURE 8- 35 
Main field pole assembly for a de motor. Note the pole laminations and compensating windings. 
(Courtesy of General Electric Company.) 
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The poles on dc machines are ca lled salient poles, because they stick out 
from the surface of the stator. 

The interpoles in dc machines are located between the main poles. TIley are 
more and more commonly of laminated construction, because of the same loss 
problems that occur in the main poles. 

Some manufacturers are even constructing the portion of the frame that 
serves as the magnetic flux 's return path (the yoke) with laminations, to further re­
duce core losses in electronically driven motors. 

Rotor or Armature Construction 

The rotor or armature of a dc machine consists of a shaft machined from a steel 
bar with a core built up over it. The core is composed of many laminations 
stamped from a stccl plate, with notches along its outer surface to hold the arrna­
ture windings. TIle commutator is built onto the shaft of the rotor at one end of the 
core. TIle annature coils are laid into the slots on the core, as described in Section 
8.4, and their ends are connected to the commutator segments. A large dc machine 
rotor is shown in Figure 8- 37. 

Commutator and Brushes 

The commutator in a dc machine (Figure 8- 38) is typically made of copper bars 
insulated by a mica-type material. TIle copper bars are made sufficiently thick to 
pennit normal wear over the lifetime of the motor. The mica insulation between 
commutat or segments is harder than the commutator material it self, so as a ma­
chine ages, it is often necessary to undercut the commutator insulation to ensure 
that it does not stick up above the level of the copper bars. 

The brushes of the machine are made of carbon, graphite, metal graphite, or 
a mixture of carbon and graphite. They have a high conductivity to reduce e lec­
tricallosses and a low coeffi cient of fri ction to reduce excessive wear. They are 

N s 

,., ,b, 
FIGURE 8-36 
Poles with extra air-gap width at the tips to reduce armature reaction. (a) Chamfered poles; 
(b) eccentric or uniformly graded poles. 

s 
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""GURE 8-37 
Photograph of a dc machine with the upper stator half removed shows the construction of its rotor. 
(Courtesy of General Electric Company.) 

""GURE 8-38 
Close-up view of commutator and brushes in a large dc machine. (Courtesy of General Electric 
Company.) 
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deliberately made of much softer material than that of the commutator segments, 
so that the commutator surface will experience very little wear. The choice of 
brush hardness is a compromise: If the brushes are too soft, they will have to be 
replaced too often ; but if they are too hard, the commutator surface will wear ex­
cessively over the life of the machine. 

All the wear that occurs on the commutator surface is a di rect resu It of the 
fact that the brushes must rub over them to convert the ac voltage in the rotor 
wires to dc voltage at the machine 's terminals . If the pressure of the brushes is too 
great, both the brushes and commutator bars wear excessively. However, if the 
brush pressure is too small, the brushes tend to jump slightly and a great deal of 
sparking occurs at the brush-comm utator segment interface. This sparking is 
equall y bad for the bru shes and the commutator surface. TIlerefore, the brush 
pressure on the commutator surface must be carefully adjusted for maximum life. 

Another factor which affects the wear on the brushes and segments in a dc 
machine commutat or is the amount of current fl owing in the machine. llle 
bru shes normally ride over the commutator surface on a thin ox ide layer, which 
lubricates the motion of the brush over the segment s. However, if the current is 
very small, that layer breaks down, and the fri ction between the brushes and the 
commutator is greatly increased. lllis increased fri ction contributes to rapid wear. 
For maximum brush life, a machine should be at least partially loaded all the time. 

Winding Insulation 

Other than the commutator, the most critical part of a dc motor's design is the in­
sulation of its windings. I f the insulation of the motor windings breaks down, the 
motor shorts out. The repair of a machine with shorted insulation is quite expen­
sive, if it is even possible. To prevent the insulation of the machine windings from 
breaking down as a result of overheating, it is necessary to limit the temperature 
of the windings . This can be partially done by providing a cooling air circulation 
over them, but ultimately the maximum winding temperature limits the maximum 
power that can be supplied continuously by the machine. 

Insulation rarely fails from immediate breakdown at some critical tempera­
ture. Instead, the increase in temperature produces a gradual degradation of the in­
sulation, making it subject to failure due to another cause such as shock, vibration, 
or e lectrical stress . There is an old rule of thumb which says that the life ex­
pectancy of a motor with a gi ven insulation is halved for each JO percent rise in 
winding temperature. This rule still app lies to some extent today. 

To standardize the temperature limits of machine insulation, the National 
Electrical Manufact urers Association (NEMA) in the United States has defined a 
series of insulation system classes . Each insulation system class specifies the max­
imum temperature rise permissible for each type of insulation. lllere are four stan­
dard NEMA insulation classes for integral-horsepower dc motors: A, 8, F, and H. 
Each class represents a higher pennissible winding temperature than the one before 
it. For example, if the annature winding temperature rise above ambient tempera­
ture in one type of continuously operating dc motor is measured by thermometer, 
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it must be limited to 70°C for class A, WO°C for class B, \30°C for class F, and 
ISSoC for class H insulation. 

TIlese temperature specifications arc set out in great detail in NEMA Stan­
dard MG I -1993, Motors and Generators. Similar standards have been defined by 
the International Electrotechnical Commission (lEC) and by various national stan­
dards organizations in other countries. 

8.7 POWER FLOW AND LOSSES IN 
DC MACHINES 

DC generators take in mechanical power and produce e lectric power, while dc 
motors take in electric power and pnxluce mechanical power. In either case, not 
all the power input to the machine appears in useful fonn at the other end-there 
is always some loss associated with the process. 

TIle efficiency of a dc machine is defined by the equation 

(8- 50) 

TIle difference between the input power and the output power of a machine is the 
losses that occur inside it. Therefore, 

Poot - ~oss .,, = x 100% 
P;.o 

(8- 51) 

The Losses in DC Machines 

The losses that occur in dc machines can be divided into fi ve basic categories: 

I. Electrical or copper losses (l lR losses) 

2. Brush losses 

3. Core losses 

4. Mechanical losses 

5. Stray load losses 

ELECTRICAL OR COPPER LOSSES. Copper losses are the losses that occur in 
the armature and field windings of the machine. TIle copper losses for the anna­
ture and field windings are given by 

Armature loss: 

Fie ld loss: 

where P), - annature loss 

P F - field circuit loss 

PA = li RA 

PF = I} RF 

(8- 52) 

(8- 53) 
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I, - annature current 

I, - field current 

R, - annature resistance 

R, - field resistance 

The resistance used in these calculations is usually the winding resistance at nor­
mal operating temperature. 

BRUSH LOSSES. 1lle brush drop loss is the power lost across the contact poten­
tial at the brushes of the machine. It is given by the equation 

IpsD - VsDIA I 

where PBD = brush drop loss 

VBD = brush voltage drop 

IA = annature current 

(8- 54) 

The reason that the brush losses are ca lculated in this manner is that the voltage 
drop across a set of bru shes is approximate ly constant over a large range ofarrna­
ture currents. Unless otherwise specified. the brush voltage drop is usually as­
sumed to be about 2 V. 

CORE LOSSES. The core losses are the hysteresis losses and eddy current losses 
occurring in the metal of the motor. These losses are described in Chapter 1. lllese 
losses vary as the square of the flux density (B 2) and. for the rotor, as the 1.5th 
power of the speed of rotation (n I. 5) . 

1\"IECHANICAL LOSSES. 1lle mechanical losses in a dc machine are the losses 
associated with mechanical effects. There are two basic types of mechanical 
losses: friction and windage. Friction losses are losses caused by the friction of the 
bearings in the machine, while windage losses are caused by the fri ction between 
the moving parts of the machine and the air inside the motor 's casing. These 
losses vary as the cube of the speed of rotation of the machine. 

STRAY LOSSES (OR MISCELLANEOUS LOSSES). Stray losses are losses that 
cannot be placed in one of the previous categories. No matter how carefully losses 
are accounted for, some always escape incl usion in one of the above categories. 
All such losses are lumped into stray losses. For most machines, stray losses are 
taken by convention to be I percent of full load. 

The Power-Flow Diagram 

One of the most convenient techniques for accounting for power losses in a ma­
chine is the power-flow diagram. A power-flow diagram for a dc generator is 
shown in Figure 8- 39a. In this fi gure, mechanical power is input into the machine, 
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Power-flow diagrams for de machine: (a) generator: (b) motor. 

and then the stray losses, mechanical losses, and core losses are subtracted. After 
they have been subtracted, the remaining power is ideally converted from me­
chanical to electrical fonn at the point labeled P"ODV. TIle mechanical power that is 
converted is given by 

I P"onv - Tindw m I (8- 55) 

and the resulting electric power produced is given by 

(8- 56) 

However, this is not the power that appears at the machine 's tenninals. Be­
fore the terminals are reached, the electricalllR losses and the brush losses must 
be subtracted. 

In the case of dc motors, this power-now diagram is simply reversed. The 
power-now diagram for a motor is shown in Figure 8- 39b. 
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Example problems involving the calculation of motor and generator effi­
ciencies will be given in the next two chapters. 

S.S SUMMARY 

DC machines convert mechanical power to dc e lectric power, and vice versa. In 
this chapter, the basic principles of dc machine operation were explained first by 
looking at a simple linear machine and then by looking at a machine consisting of 
a single rotating loop. 

The concept of commutation as a technique for converting the ac voltage in 
rotor conductors to a dc output was introduced, and its problems were explored. 
The possible winding arrangements of conductors in a dc rotor (lap and wave 
windings) were also examined. 

Equations were then derived for the induced voltage and torque in a dc ma­
chine, and the physical construction of the machines was described. Finally, the 
types of losses in the dc machine were described and related to its overall operat­
ing efficiency. 

QUESTIONS 

8-1, What is conunutation? How can a commutator convert ac voltages on a machine's 
armature to dc voltages at its terminals? 

8-2, Why does curving the pole faces in a dc machine contribute to a smoother dc output 
voltage from it? 

8-3, What is the pitch factor of a coil? 
8-4, Explain the concept of electrical degrees. How is the electrical angle of the voltage 

in a rotor conductor related to the mechanical angle of the machine's shaft? 
8-5, What is conunutator pitch? 
8-6, What is the plex of an armature winding? 
8-7, How do lap windings differ from wave windings? 
8-8, What are equalizers? Why are they needed on a lap-wound machine but not on a 

wave-wolUld machine? 
8-9, What is annature reaction? How does it affect the operation of a dc machine? 

8-10, Explain the L dildt voltage problem in conductors lUldergoing commutation. 
8-11, How does brush shifting affect the sparking problem in dc machines? 
8-12, What are conunutating poles? How are they used? 
8-13, What are compensating windings? What is their most serious disadvantage? 
8-14, Why are laminated poles used in modem dc machine construction? 
8-15, What is an insulation class? 
8-16, What types of losses are present in a dc machine? 

PROBLEMS 

8-1, The following infonnation is given about the simple rotating loop shown in fig­
ure 8--6: 
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B = O.S T 

l = O.5 m 

r = O.I 25 m 

VB = 24 V 

R = 0.4 0 

w = 250 radls 

(a) Is this machine operating as a motor or a generator? Explain. 
(b) What is the curre nt i fl owing into or out of the machine? What is the power 

flowing into or out of the machine? 
(c) If the speed of the rotor were changed to 275 rad/s, what would happen to the 

current flow into or out of the machine? 
(d) If the speed of the rotor were changed to 225 rad/s, what would happen to the 

current flow into or out of the machine? 

&-2. Refer to the simple two-pole eight-coil machine shown in Figure PS- I. The follow­
ing information is given about this machine: 
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Give n: II '" 1.0 T in the air gap 
I '" 0.3 m (length of sides) 
r '" 0.08 m (radius of coils) 
n '" 1700 r!min 

---- Lines on this side of rotor 

- - - - Lines on other side of rotor 

Jo'IGURE 1'8-1 
The machine in Problem 8- 2. 
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B = 1.0T in air gap 

1 = 0.3 m (length of coil sides) 

r = 0.08 m (radius of coils) 

n = 1700 rlmin ccw 

The resistance of each rotor coil is 0.04 n. 
(a) Is the armature winding shown a progressive or retrogressive winding? 
(b) How many current paths are there through the armature of this machine? 
(c) What are the magnitude and the polarity of the voltage at the brushes in this 

machine? 
(d) What is the annature resistance RA of this machine? 
(e) If a 1O~ resistor is connected to the tenninals of this machine, how much cur­

rent flows in the machine? Consider the internal resistance of the machine in de­
tennining the current flow. 

(f) What are the magnitude and the direction of the resulting induced torque? 
(g) Assuming that the speed of rotation and magnetic flux density are constant, plot 

the terminal voltage of this machine as a flUlction of the current drawn from it. 
8-3. Prove that the equation for the induced voltage of a single simple rotating loop 

2 , . , = - "'w 
In 7T '+' (8-6) 

is just a special case of the general equation for induced voltage in a dc machine 

(8--38) 

8-4. A dc machine has eight poles and a rated current of 100 A. How much current will 
flow in each path at rated conditions if the armature is (a) simplex lap-wound, 
(b) duplex lap-wound, (c) simplex wave-wound? 

8-5. How many parallel current paths will there be in the armature of a 12-pole machine 
if the armature is (a) simplex lap-wolUld, (b) duplex wave-wound, (c) triplex lap­
wound, (d) quadruplex wave-wolUld? 

8-6. The power converted from one fonn to another within a dc motor was given by 

Use the equations for EA and "Tiod [Equations (8--38) and (8-49)] to prove that 
EAtA = "Tiodw .. ; that is. prove that the electric power disappearing at the point of 
power conversion is exactly equal to the mechanical power appearing at that point. 

8-7. An eight-pole, 25-kW, 120-V dc generator has a duplex lap-wound armature which 
has 64 coils with 16 turns per coil. Its rated speed is 2400 r/min. 
(a) How much flux per pole is required to produce the rated voltage in this genera-

tor at no-load conditions? 
(b) What is the current per path in the annature of this generator at the rated load? 
(c) What is the induced torque in this machine at the rated load? 
(d) How many brushes must this motor have? How wide must each one be? 
(e) If the resistance of this winding is 0.011 0: per turn, what is the armature resis­

tance RA of this machine? 
8-8. Figure PS- 2 shows a small two-pole dc motor with eight rotor coils and four turns 

per coil. The flux per pole in this machine is 0.0125 Wh. 



530 ELECTRIC MACHINERY RJNDAMENTALS 
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""GURE 1'8-2 
The machine in Problem 8--8. 

(a) If this motor is cOIUlected to a 12-V dc car battery, whal will the no-load speed 
of the motor be? 

(b) If the positive terminal of the battery is connected to the rightmost brush on the 
motor, which way will it rotate? 

(c) If this motor is loaded down so that it consrunes 50 W from the battery, what 
will the induced torque of the motor be? (Ignore any internal resistance in the 
motor.) 

&-9. Refer to the machine winding shown in Figure P8-3. 
(a) How many parallel current paths are there through this annature winding? 
(b) Where should the brushes be located on this machine for proper commutation? 

How wide should they be? 
(c) What is the plex of this machine? 
(d) If the voltage on any single conductor lUlder the pole faces in this machine is e, 

what is the voltage at the lenninals of this machine? 

8-10. Describe in detail the winding of the machine shown in Figure PS-4. If a positive 
voltage is applied to the brush under the north pole face, which way will this motor 
rotate? 

REFERENCES 

I. Del Toro. V. Electric Machines and Pov.·er Systems. Englewood Cliffs. N.J.: Prentice-Ha.lt. 1985. 
2. Fitzgerald. A. E., C. Kingsley. Jr .. and S. D. Umans. Electric Machinery. 5th ed. New York: 

McGraw-Hilt. 1990. 
3. Hubert. Charles I. Preventative Maintenance of Electrical Equipment. 2nd ed. New York: 

McGraw-Hilt. 19ff}. 

4. Kosow. Irving L. Electric Machinery and Transfanners. Englewood Cliffs. N.J.: Premice-HatJ. 
1972. 

5. Na.tional Electrical Manufacturers Association. Motors and Generators, Publication MG 1-1993. 
Washington, D.C.. 1993. 

6. Siskind. Charles. Direct Current Machinery. New York: McGraw-Hilt. 1952. 
7. Werninck. E. H. (ed.). Electric Motor Handbook.. London: McGraw-Hilt. 1978. 



IX: MACHINERY FUNDAMENTALS 531 

9 10 

8 11 

/ 
16' I 3' 

7 I , I 
/ 12 , I / -15' I , , I / - --

6 I I g h 13 
j 
, 

N , I , , , , 6' 
5 " m , 14 , P " " 

I - / I , 
I --- / 

, -
/ 

, 
8' I 11' 

/ 
\0'/ 

3 16 

2 

('1 

:x ~~ 
:XXX 

-- --- --, , , , , 

" 
, N 

, , , , 
, , , , , 
, , , 

--- ---

~ 
m " " p " b , d , f g h ; j , , m " 

(hI 

FIGURE P8-J 
(a) The machine in Problem 8--9. (b) The annature winding diagram of this machine. 
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""GURE 1'8-4 
The machine in Problem 8- 10. 
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